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Abstract 

In this paper, we study a more general pair correlation function, Fh(x, T), 
of the zeros of the Riemann zeta function. It provides information on the 
distribution of larger differences between the zeros. 



1 Introduction 

First of all, we assume the Riemann Hypothesis on the Riemann zeta function 
£(s) throughout this paper; p = ^ +ij denotes a non-trivial zero of the Riemann 
zeta function. 

In the early 1970s, Hugh Montgomery considered the pair correlation func- 
tion ^ 

F(x, T) = re 1 *- 7-7 ^ 1/7(7 — 7') with w{u) — — ^ • 

0<7,7'<T U 

Here the sum is a double sum over the imaginary parts of the non-trivial zeros 
of C( s )- He proved in |5] that, as T — > 00, 

F( X ,T)~L logx+ J_ log i T 

for 1 < x < T (actually he only proved for 1 < x < o(T) and the full range was 
done by Goldston He conjectured that 

F(x,T)~|-logT 

for T < x which is known as the Strong Pair Correlation Conjecture. From this, 
one has the (Weak) Pair Correlation Conjecture: 



0<7,7'<T 
0<7-7'<27ra/ log T 

which draws connections with random matrix theory. 
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The author studied these further in his thesis P (see also [2] and and 
derived more precise asymptotic formulas for F(x,T) when x is in various ranges 
under the Twin Prime Conjecture TPC (see section 4). In the present paper, 
we generalize F(x,T) further to 

F h (x,T)= J2 cos((7-Y-fc)loga;)t£;(7-Y-ft). 

0<7,7'<T 

Note that F h (x, T) = F- h (x, T) and F (x, T) = F(x, T). This leads to a better 
understanding of the distribution of larger differences between the zeros. Our 
main results are the following theorems: Here and throughout the paper, ft — 
\h\ + 1. 

Theorem 1.1. For 1 < x < r-^p, 

— — log T ' 



F h (x,T)=£- 
Zir 



A cos (ft log x) 8ft. sin (ft. log x) 

log x - 



ft 2 



T 
2ttx 2 



log 



T \ 2 



2tt 



2 log 



(4 + /i 2 ) 2 
T 



2tt 



0(x\ogx) + O 



hT 



Theorem 1.2. At 



TPC. For M > 3 



log A! T 



< X, 



F h {x,T) 
T 



TV 

T 

7T 

X 
IT 

X 
IT 



2 cos (h log x) Ah sin (h log x) 

log a; - 



A + h? b (A + h 2 ) 2 

2 cos (h log x) 1 4/(y) 



4 + /i 2 



cos (/i log a;) + Gi(y) + G 2 (y) 



Ty 



-dy 



T/x 



T/x 



SIM 



sin u 



du 



du 



3 cos (h log x ) ft. sin (ft. log x) 



9 + ft 2 9 + h 2 

cos (ft log x) ft sin (ft log x) 



1 + ft 2 



IE 



e(fc) 



7T ' ' k 2 

fe=l 



A;x . sin 



y cos (ft log — ) 

y 



1 + ft 2 
-dy 



+o( 



l+6e 



T 



0(ftx 1 / 2 ^) + (/ 1 -|i-) +0 ( 



ftT 



log 



M-2 , 



where G\ (y) and Gi (y) are defined in Lemma 
Theorem 1.3. Assume TPC. For M > 3 and , 1 < x < T, 

— log Ai T — — ' 



F h (x,T) 



T [2 cos (ft log x) 
4 + ft 2 



logx 



4ft sin (ft log x) 



(4 + ft 2 ) 2 



O(ftx) +o( 



hT 



1 M-2 , 

log T' 
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Theorem 1.4. Assume TPC. For M > 3 and T < x < T 2 ~ 29e , 



4 cos (ft log x)i , ,~ ,2\l/2_ e \ , _/ ftT 



1 M-2 rri 

'log T 



For real a, let F h (a) := (£ log T^T^T", T). Then F h (a) = F h (-a). 
Based on the above theorems, one may make the following 

Conjecture 1.1. For any arbitrary large A, as T — > oo, 

' (1 + o{l))T- 2a logT + a 4cQS l"° gTa) + o(l), if < a < 1, 



4+/i 2 

4 cos (fa log Tq) . /-. \ ; | { 

— -+o(l), 2/ 1 < a < A. 



F h {a) -- 

By convolving Fh(a) with an appropriate kernel r(a), 



(£ lo § T ) E r^- 1 '-h) l ^-)w(j- 1 '-h)= [ +0 ° F h (a)f(a)da 

0<7,7'<T ~" ^ _0 ° 

(1) 

where f(a) = J_ oo r(u)e 2mau du for even r(it) only. Conjecture 11.11 and 
leads to 



Conjecture 1.2. For fixed a > 0, 



a+MogT/(2.) 4 /sin ^ N2 



]< 77 V<2 
7 — 7' — /i|<27ra/ log T 



-a+Mog T/(2ir) 



1-- — du. 

4 + ft 2 



Conjecture 1.3. For < a < (5 < logT, 



(^logTr 1 V 1-A , \ J—)***- 

2ttq/ log T<7^7'<27r/3/ log T 

2 Some Lemmas 

Lemma 2.1. 

^ 1 + ft - 7 ) 2 ~ ~ X V n-V2+^ ""Z. n 3/2+ri + 1 + it + 3 _ it 

logr 1 



X X 



C /3 

- - ) - log 2tt 



C V2 



0(1- 

XT 



(2) 



where the sum is over all the imaginary parts of the zeros of the Riemann zeta 
function, and t — \t\ + 2. A(n) is von Mangoldt's lambda function. 
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Proof: This is Lemma 2.2 in 0. 

Write © as Leh(x,t) = Right(.x,<). Let 

, 1 v-^ A(n) A(n) x 1 / 2 ^* x i/2-« 



a; — ' n 1 / 2 ^ 

n<a; 



n 3/2+it 



+ it 



if 



Q(z,T) = 
R(x,T) = 



logr 



C/3 



(--it) - log 2tt 



S ( Xi T) =0(—). 



Lemma 2.2. 

l-T 



\Left(x,t) + Left(x,t- h)\ 2 dt 
2ttF{x, T) + 2kF{x, T-h) + 4<7rF h (x, T) + 0(log 3 T) + 0(>log 2 h). 







Proof: This follows from page 188 of Montgomery [5] and the fact that 
F(x,T) <Tlog 2 T. 

Lemma 2.3. For x > 1, 

\Right{x,t) + Right(x,t- h)\ 2 dt 



' |-P(a?,t) Ml 2 * + [(log — ) -2 log 



T 
2^ 



1^ A 2 (n)(l + cos(Mogn)) 

9 2^ „3 +l 



0(h log 2 T). 



Proof: This is similar to the proof of Theorem 3.1 in [2]. 
Lemma 2.4. For x > 1, 



47r.F h (a; ) T) 

|P(a:,t)+P(:r,t-/j)| 2 dt 



P{x,t)\ 2 dt- / |P(x,t- /V)| 2 dt 



2Tr/ T\ 2 



( iog S z - 2iog £ + (E 



A 2 (n) cos (/ilogn) 



0(Mog 3 T). 



Proof: It follows from Lemma 12.21 and Lemma 12.31 as well as their special 
cases when h = 0. 

oo 

Lemma 2.5. For any sequence of complex numbers {a n }'^L 1 with n|a„| 2 < oo, 

71=1 

nT oo 2 oo 

/ |^a n n^| dt = ^|a„| 2 (T + 0(n)). 

^ 71 = 1 71 = 1 
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Proof: This is Parseval's identity for Dirichlet series. See |1(J| . 
Lemma 2.6. 

A 2 (n)n = \x 2 log a; - -x 2 + 0(x^ 2+e ). 



n<x 



E 



A 2 (n) Hog a; 1 



2 x 2 



4x 2 + °(x 5 / 2 -")' 



Proof: Use partial summation and the prime number theorem. 
Lemma 2.7. For any real a and b not both zero, 



I 



e ax sin bx dx — 
e ax cos bx dx = 
xe ax sin bx dx — 

xe ax cos bx dx = 



-e ax sin&x 



b 2 



e ax cos bx. 



e ax cosbx A — „ - , „ e ax sin bx. 



a 2 + b 2 
ax 



a 2 + b 2 (a 2 + b 2 ) 2 
bx lab 



a 2 + b 2 (a 2 +b 2 ) 2 
ax a 2 — b 2 



+ b 2 



e ax sin bx 



e ax cos bx. 



a 2 + b 2 (a 2 + b 2 ) 2 
bx 2ab 



a 2 + b 2 (a 2 + b 2 ) 



e ax cos 6a; 
e ax sin bx. 



Proof: 0„ e - o 8e / J «<-^, / ^* and / 

which are simple to compute. 



Lemma 2.8. 

1 /, , s 2 cos (ft log x) 
— ^ A (n)ncos(ftlogn) = — p lo. 



4 + /i 2 

ft, sin (ft, logx) 
4 + ft 2 
ft 



log a; 



h 2 -4 
(4 + ft 2 ) 2 

4ft 



(4 + ft 2 ) 



cos (ft log x) 
sin (ft log x) 



(a-i/a-e)' 



cos (ft log n) 



2 cos (ft log x) 



4 + ft 2 
ft sin (ft log x 



logx 



O 



4 + ft 2 
ft 

.TV2-e 



logx 



ft 2 -4 
(4 + ft 2 ) 2 

4ft 



(4 + ft 2 ) 2 



cos (ft logx) 
sin (ft logx) 
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Proof: We shall prove the first one. The other one is very similar. Let 
A(x) = — A 2 (n)n. By integration by parts and Lemma 12.61 



71<X 



— A 2 (n)n cos (h log n) 



n<x 



A(x) 



h f x 

cos (hlogx) H — j / A(u) 



sin (hlogu) 



du 



- log X 

2 B 4 



cos {hlogx) + 







ll 


[ 


] log 


'U 






4J 



u sin {h log it) <iit 



Ll/2-e) 



1, 1 

2 l0gX -4 



COS (/llogx) H r 



log x 



ve 2v sin /iu dv 



o 



e 2 " sin hv dv 



which gives the desired result after applying Lemma 12 . 71 with a — 2 and b = h. 
and some algebra. 



3 Proof of Theorem 11.11 

First, note that 



P(x, l ,^[ E A W (£)- W " + E A(„)(£) 



n<a; 



,1/2 



Thus, 



P(x, t) + P(x, t - h) =-L A(n)(l + n ih )( 

+Ew+»*)(-) 



2^-1/2+it 



n 



O 



,1/2- 
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So, the first integral in Lemma l2~4l 



X s -l/l+it 



n>x 



If |l>(„)<i + „«■)(£ 

+ 0([ E A W (£)-"% E A W 0" 2 ]fl, t ) + 0(f^ 

n<x n>x JU JV 

4 s a2 (n) 1 1 + nih |2 (D 1 (T + 0{n)) 

n<x 

+ -Y A 2 (n)|l + n ih \ 2 (-)\T + 0{n)) + 0(x) 

71>X 

Y A 2 (n)n(l + cos(ftlogn)) + 2Tx 2 ^ (l + cos (ftlogn)) 



n<a~ 



n>a; 



+ (9(a; log a;) 



Similarly (or by setting ft = 0), each of the second and third integral in Lemma 



El 



Therefore, 



n>x 



^± + 0(x\ogx) 



4:nF h (x,T) =2T[-^ ^ A 2 (n)n cos (ftlogn) + x 2 ^ 



A 2 (n) 



s (ftlogn) 



— [(log-) -21og 



■ 2tt 



2tt 



+ + C(ft log 3 T) + 0(x log x) 



=2T 



4 cos (ft log x) 8ft sin (ft log a;) 

logx 



4 + ft 2 



(4 + ft 2 ) 5 



2T 
.r 2 



( iog £) 2 - 2iog S +o ^ io ^ )+o (^) 



by Lemma \'2. 81 The theorem follows after dividing through by 4tt. 

4 Twin Prime Conjecture and smooth weight 

We shall use a quantitative form of the Twin Prime Conjecture TPC as follow: 
For any e > 0, 

N 

Y A(n)A(n + d) = 6{d)N + 0(N 1/2+e ) uniformly in |d| < N, 
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6(d) = 2n p>2 (l - jj+TF) rU, P>2 Pi if d is even, and 6(d) = if d is odd. 

Let if and M be some large positive integers (if may depend on e). Set 
U = log M T and A = 1/(2-^ [/"). We recall the smooth weight Wu(t) in jS] with: 

1. support in [— 1/Z7, 1 + 1/C7], 

2. < 9 v (t) < 1, 

3. $u(t) = 1 for 1/U < t < 1 - 1/Z7, 

4. ^(f) < for j = 1,2,..., if. 

This weight function satisfies the requirements in Goldston and Gonek jS] . One 
more thing to note is that 



Re^u(y) 

where f(y) = f(t)e(yt)dt. 
We also need to study 



sin 2iry / sin 2nAy \ K+1 
2ny \ 2irAy J 



Saiv) := V 6(fc)fc a cos(/ilog— ) - /^i/ 1 cos (ft log — )du for a > 0, 



and 



fe>y 

Then from g|, 

s (y) := s° ( y ) 

By partial summation and Lemma 12.71 



ilogy + 0((logy) 2/3 ) = -ilog2/ + e(y). 



ah, \ / \ a / t i x acos(/ilogx) a ft sin (/i log x) Q 
Saiv) =t{y)y cos (h log x) y a - y a 



2(a 2 + ft 2 ) 



MI s 



2(a 2 + ft 2 ) 

MX 



e(u)u a a cos (ft log — ) — ft sin (ft log — ) 



du, 



and 



^(y)=-#co S (ftlogz) 



a cos (ft log x) 1 ft sin (ft log x) 1 



yU 



e(u) 



,a+l 



2(a 2 + ft 2 ) y a 2(a 2 + ft 2 ) y c 



acos(ftlog — ) + ftsin(ftlog — ) 

y y 



du. 



(3) 



(4) 



(5) 
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Let 



f(y) 



y B 



where B = —Co — log27r and Cq is Eider's constant. Note that 

m « y 1/2+e 

(see Lemma 2.2 of jSJ). From J2J and JHJ), 



y 



2 cos (ft logrr) 1 1 



4 + ft 2 
e(u) 



y t Jo 



t / ite(u) 2 cos (ft log — ) — ft sin (ft log — ) 



y 



y 



du 



+ y 



Lemma 4.1. 



ux ux 
2 cos (ft log — ) + ft sin (ft log — ) 

y y 



du. 



1 



y 3 Jo 



I + J = — / ue(u) 2 cos (ft log — ) — ft sin (ft log — ) 



V 



du 



e(u) 

T(3 



UX UX 

2 cos (ft log — ) + ft sin (ft log — ) 

y y 



du 



4/(y) 



cos (ft log a;) 



V 3 Jo 



mi. 



ux. 



f{u) (2 — ft ) cos (ft log — ) - 3ft sin (ft log— ) 



+ y 



/(«) 



(6 — ft 2 ) cos (ft log — ) + 5ft sin (ft log 



MX, 



Proof: / can be rewritten as 



1 

y 3 Jo 



UX ux 
2 cos (ft log — ) — ft sin (ft log — ) 

y y 



B 1 

^y 3 



2 cos (ft log 



ux , 



ft sin (ft log— ) 

y 



du 



du 
h-h- 



By a substitution v = log — and Lemma 12.71 

V 



B 1 

h = — -cos (ft log x). 
2 y 



By integration by parts and 10 
/(*) 



V 



2 cos (ft log x) — ft sin (ft log x)] 



-^r / /(u) (2 -ft 2 ) cos (ft log— )- 3ft sin (ft log— ) 



y 3 Jo 



V 



V 



du. 
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Similarly, J can be rewritten as 



<u) f 



UX UX 

2 cos (h log — ) + ft sin (ft log — ) 
V V 



B 



UX UX 

2 cos (ft. log — ) + ft sin (ft log — ) 

y y 



LiJb 

By a substitution v — log — and Lemma 12.71 

V 



du 

du = J\ + J2 



B 1 

J 2 = — - cos (ft log x). 
2 V 



(10) 



By integration by parts and JHl 

f(y) 



Ji = - 



+ y 



2 cos (ft log x) + ft sin (ft log x)] 



f(u) 



UX 



UX , 



(6 — ft ) cos (ft log — ) + 5ft sin (ft log — ) 



y 



(ii) 



du. 



©, ©, dH) an( i EJ together gives the lemma. 
Lemma 4.2. 



4 + ft 2 y 



cos(ftlogx) + Gi(y) + G 2 (y) 



where 



Gi(j/) = ^ / f(u) (2 -ft 2 ) cos (ft log— )- 3ft sin (ft log— ) 



y 3 Jo 



and 



G 2 (y) = y 



/(«) 



it.T 



(6 — ft ) cos (ft log — ) + 5ft sin (ft, log — ) 



du. 



Proof: Combine J7J) and Lemma f4. II 

Lemma 4.3. For any integer n > 1, 

f 1 . / Ty\ f°° 1 sin ^y / 1 

/ ReM> u (-JL)dy= / -^^dy + Of Alog - 
J 1 y n \2nxJ J x y n ±y V A 

When n ^ 2, the error term can be replaced by 0(A). 

Proof: This is Lemma 3.3 in 
Lemma 4.4. If F(y) < y -3/2+e j or y>\ ) then 

/> 00 ^ri p co sin — 7/ 

/ F(y)Re* u (-lL)dy= / F(y)^^dy + O(A). 
Proof: This is Lemma 3.4 in [3]. 
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5 Proof of Theorem 11.21 



Throughout this section, we assume r = T 1 ~ e < T / \og M T < x < T 2 ~ 2e , 
U = \og M T for M > 2, H* = t^x 2 ^ 1 ^, and V v (t) is defined as in the 
previous section. The implicit constants in the error terms may depend on e, K 
and M. 

Our method is that of Goldston and Gonek jS] and it is very similar to 
Let s — a + it, 

n<ir n>n: 

A( S ) :=^o(s) and A*( S ) := ±A* (s). 
By Lemma f2. 41 with slight modifications, one has 



\{M-\ + - J 0- + u lh )u l ' 2 - tt du) 
+ x(A* h (^+it)- (l + u th )u- 3/2 - u duj dt 

A*(~ + it)- u~ 3 ' 2 ' lt du) dt + 0(h\og 3 T). 



Inserting *ffjj(t/T) into the integral and extending the range of integration to 
the whole real line, we have 



AirF(x, T) = \h(x,T)+x 2 I 2 {x,T) - \l 3 (x,T) - 2x 2 h(x,T) 



O 



( TQogT)'' 
V U 



O 



(4) 



(12) 



where 



h(x,T) = 


i — oo 




+ it) - 


h{x,T) = 


' — oo 


*<§+ 


it) - 


h{x,T) = 


' — oo 




-it) - 


h(x,T) = 


POO 

' — oo 




it) - 



X~\ + it) - f(l + u^u^-^du^ui^) 
{l+u lh )z 
v}' 2 - u du 



dt, 



( 1 



u- 3 l 2 - il du 



dt 



by Lemma 1 of [7] with modification V = -T/U and T-T/U, and W = 2T/U. 
The contribution from the cross terms are estimated via Theorem 3 of [HI ■ Note 
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that by partial summation with the Riemann Hypothesis and TPC, 
E A(n)(l + n lh ) = Hi + u lh ) du + 0(hx 1/2+( ), 

71<X 

E A(n)A(n + fc)(l + n lh ){l + {n + k)~ lh ) 



=6(fc) J {l + u lh )(l + (u + k))- lh du + 0(hx 1/2+e ). 
By Corollary 1 of |Sj (see also the calculations at the end of and [2]), 
h{x,T) =1^(0^ E A 2 (n)n|l 



Ah\2 



+ 4vr(f) 3 r [ E 6(fc)fc 2 (l + (|^) 



kT 



47T 



27TW 
jl 3 /-oo 



2tt 



T/2ti 



2ttxv/T 



w ! + (^ — ) du i?e*j/(i;) — 

1 27TW 1 J IT 



3+6e 



Note that 



kT 



kT 
fcT 



jfcT 



5/2+7£ 



— i/i 



27TW 



27Tl> 

kT 2 

1 + <:£>•" 



V 27T^' 



kT 



—ih 



kT 



— ih 



2nv 

kT \ , 



2nv ' 



(13) 



0(min(^,l 



Thus, 



T/2ti 



[ E ew^Ci-K^nci + ^ + Jb)-*)!^^)-*' 



/c<2ira;D/T 



=r [ e 6(fc)fc 2 ii+(^i 2 ii? e ^w^ 



/ /" T / x ,xv,.ahv 1 dv f°° i xv \ 



[ E 6(*)* 3 |l + (^)*| a ]ile* l ,( w )«+o( 



N 3 1 efu 
Aw 2 v 3 



/r/271 



fc<2ira;D/T 



y2+ 



AT 5 - 
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as & (k) ~ x and Re^uM <C min ( — , — — 5-). Therefore, 

k<x 

h(x,T) =TJ2 A 2 (n)n(2 + 2cos(Mogn)) 

n<x 

+ 4 Kd LJ £ S W ^(2 + 2c„ 8(l ,l„ g -)) 

ji/zkx k < 2 TTxv/T 

27rxv / T U T 1 

u 2 (2 + 2 cos (/i log ))du i?e*c/(?;) — 



V2tt 



-to 3+6e 
« f 



2irv ' 



v 







T/27TX r 2irxv/T uT dy 

u 2 (2 + 2cos(ftlog ))dMi?e* c/ (?j) — 

2vTU ' 











0(^ 5 / 2+7£ ) + 0{hx 2 T 1 ^) + o(—^ 



AT 2 - 



Similarly, by Corollary 2 of [5] 
A 2 (n 



7 2 (x,T) =T^ 



(2 + 2 cos (ft log n)) 



37T 



2 r TH*/2-KX 



E 



2nxv/T<k<H* 



^i(2 + 2cos(Mog— )) 



2wxv/T 



-2 (2 + 2 cos (ft log - — Re^u(v)vdv 



2ttv ' 



+ 0{hT- x x- l+ ^) + 0(hx- 3 / 2+7i ) + OihT^x- 2 ) + 0( !£L) 

\ Ax z I 

where the last error term comes from the error term in <|13[l . I^(x,T) and 
I^(x,T) are computed in [3] or one can simply set h = in Ii(x,T) and l2(x,T), 

2irxi) 

and divide by 4. Putting these into (|12|l with a substitution y = — — — and using 
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Lemma 12.81 



AnF h {x,T) 

'4 cos (ft log x) 



= 2T 



4 + ft 2 



logx 



8ft sin (ft log x) 



(4 + ft 2 ) 2 



+ 4T [°°\Y 6(fc)fc 2 cos(ftlog — )- f\ 2 cos (ft log — JdJife^f^.)^ 
7i Lf^ V Jo V J \2itxJ y 6 



k<y 
1 /■?> 



4T 



+ 4T 



+ 4T 



o Jo 

H 



u 2 cos (ft log —)duRe^u(^-) ^ 
y \2itxJ y 6 



r r 6(fc)c0s(ftl0 - /■» <-oM//lo^> 

1 I- fc^ 

1 «><<U<< 



y<k<H* 



-du 



k<H" 



6(fc)cos(ftlog^) f^* cos (ft log 



fc 2 



+ o(^) +0 (ft^ 2 - ) + (_S 7 ) +0 ( 

From Lemma T2. 71 



ftx 2 



ftT 



log M - 2 T 



e a:c cos &x = n a , e a3: cos 6a; + ^ ,^ e ax sin 6x. 



Also, 



a 2 + 6 2 



fie^c/f— -)dy=- 



a 2 + b 2 



(14) 



27TX 



r 



sm u 



(l + 0(AV))du 

a 

T/x sinu , ^/A 2 T\ 
du + Ol . 

u \ x J 



(15) 



By appropriate change of variables, l|14f> and (|15fl . 



x 

= TJ 



T/z 



sm u 



du 



9 + ft 2 



cos(ftlogx)H ^—r sin (ft log x) + o( 

9 + ft 2 J V 



A 2 T n 
x / 



[E 

k<H* 
&(k) f 1 



©(fc)cos(ftlogf ) />*• cos(ftlog^) 



/c 2 



-du 



fe=l 1/0 y x 



X 

T 



r T/x 



sin it 



du 



1 



1 + ft 2 



cos (ft log x) 



1 + ft 2 



sin (ft log x) 



O 



/A 2 7^ 
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Therefore, with the notation 5„(y) and T^(y), 

8h sin (ft log x) 



^F h {x,T) 

"4 cos (ft log a;) 



- 2T 
4T 



4 + ft 2 



log a; 



(4 + ft 2 ) 2 



J (T 2 h (y) Tt(H*))Re9u(^)vdy 

3 cos (ft log x) h sin (ft, log a;) 



4a; 



sm u 



-du 



i u 

[ T ' x sinn 
4x / du 

u 



9 + h 2 9 + h 2 

cos (ft log x) ft sin (ft log x) 



1 + h 2 

4T E^ /\ cos (ft log 

7, 1 *^ 



1 + ft 2 



fca; , sin St 



fe=i 
'fta; 



ftV 



+ 0(^) + 0(hx^ ) + (J^) + 



o 



hT 



log 



M-2 



T 



httoeH*) 2 / 3 

By © and ©, T£(H*) < v ■ It: fo l lows tnat tne contribution from 

T$(H*) in the second integral is 0{hT~ e ). Also, one can extend the upper limit 
of the second integral to 00 with an error 0(hT~ e ) by © and (J5J again. Finally, 
we obtain the theorem by applying Lemma l4~2l Lemma EHfl Lemma l4~4l JBJ and 
dividing by 47r. 



6 Proof of Theorem O] and Ol 

Proof of Theorem 11.31 It follows directly from Theorem 11.21 by observing that 
all the other main terms besides the first one are O(x) because of (JSJl. 

Before proving Theorem 1 1.41 we need the following lemmas. 
Lemma 6.1. 

k-lV, 



9rt — '\ 271—1 f e , 

sin ax a r ^ (2n 

-ax = 



r 2n 



(2n - 1) 



■ 2n—k 



k=l 



(a+(k-l)-) + (-irci(a) 



x cos t—1 



dt and Cq is Euler's constant. 



where ci(x) = - ^°^dt = C +loga;+ 

Proof: This is formula 3.761(3) on P.430 of jS] which can be proved by 
integration by parts repeatedly. 



15 



Lemma 6.2. If F(y) < y- 3 / 2 + e for y>l, then for T < x, 



Proof: This is Lemma 5.2 in j^j. 
Lemma 6.3. 

1 



F(y)dy + 0((-) 1/2 - 



ux , 



f(u) (2 - ft 2 ) cos (ft log — ) - 3ft sin (ft log — ) 
l y J Jo L y y 

l 

f(u) [cos (ft log ux) — ft sin (ft log mi)] du 



du dy 



o 



/(«) 



<iu[cos (ft log a;) — ft sin (ft log x)]. 



Proof: Because of JHJ, we can change the order of integration. 



1= /(«) 



l 2/ 



l r 

"3 



UX 



ux , 



(2 — ft ) cos (ft log — ) — 3ft sin (ft log — ) 



f(u) I 77 (2 -ft 2 ) cos (ft log— ) -3ft sin (ft log— ) 



u y° 



3ft 



/(u){(2-ft 2 ) 
2 



y 

cos (ft log wx) + -77 sin (ft log ux) 



dy du 
dy du 



4 + ft 2 



4 + ft 2 
3 /(«) 



sin (ft log ux) 



4 + ft 2 



cos 



4 + ft 2 
(ft log its) |du 



3ft 



2 



{(2 -ft 2 ) 



4 + ft 2 



cos (ft log x) + 



4 + ft 2 



sin (ft log x) 



4 + ft 2 



cos 



4 + ft 2 
(ft log a;) jdw. 



sin (ft log a;) 



by substituting v — log ^ and applying Lemma 12.71 The lemma follows after 
some simple algebra. 



Lemma 6.4 

J 



OO fOO 



/(«) 



w 1 



i/.z: 



(6 — ft )cos(ftlog — ) + 5ftsin(ftlog — ) 



V 



du dy 



/(«) 



/(«) 



j [3 cos (ft log ux) + ft sin (ft log ux)] du 
i 

, du[3 cos (ft log a;) + ft sin (ft log x)}. 
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Proof: Again, because of ©, we can change the order of integration. 
J 



V 



(6 — h ) cos (ft log — ) + 5ft sin (ft log — ) dy du 
V V J 



/(«) 



{(. 



4 + ft 2 



cos (ft log ux) 



A + h 2 



sin (ft log ux) 



5ft 



-2 
4 + ft 2 

(6 

-2 



sin (ft log ux) 



4 + ft 2 



cos (ftlogux) 



4 + ft 2 



cos (ft log x) + - — ^ 2 sin (ft log i) 



5ft 



4 + ft 2 



sin (ft log x) 



A + h 2 



i (ft log a) | 



du. 



by substituting u = log ^ and applying Lemma 12.71 The lemma follows after 
some simple algebra. 

Lemma 6.5. 

e(fc) r 1 



= \_YTh? cos ^ log ^ ~ i + h 2 sin ^ log ^ 



ft 2 

2(4 + ft 2 ) 2 COS(M ° Sx) 



2ft 



■ sin (ft logx) 



D 
~2 



A + h 2 

3 m 



cos (ft log x) 



A + h 2 

3 cos (ft log ux) + h sin (ft log ux) 



(4 + ft 2 ) 2 

sin (ft log x) + ^1 + — ^ cos (ft log a;) 



du. 



Proof: By substituting v — log — and Lemma \'2. 71 



S 



E 



6(k) 



A + h 2 ^ k 2 

k=l 



cos (ftlogfex) 



■E 



4 + ft 2 ^ fc 2 
fc=i 



sin (ft log /ex). 
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Recall the definition of Sq(u) from (JSJ and use partial summation, 



S 



4 + ft 2 J 1 
ft 

~ 4 + ft 2 J 1 



S (u) + u 
S (u) + u 



[2 cos (ft log ux) + ft sin (ft log ux)] du 

ft cos (ft log ux) + 2 sin (ft log ux)] du 



S (u)+u 

z cos (ft. log ux) du 



u — h log u + e(u) 



cos (ft. log ux) du 
logu 



f°° 1 If 

: / cos (ft log ux) du / 

Ji u 2 2 J 1 



B 
~2 



■ cos (ft log ux) du + 



cos (ft log ux) du 
e(u) - § 

5 cos (ft log ux) du 

7/0 



1 B 
=h - -h + jh + h. 

By appropriate substitution and Lemma 12.71 
1 . , ft 



h 
h 

h = 



1 + ft 2 

4 -ft 2 
(4 + ft 2 ) 2 
2 



cos (ft log x) 



1 + ft 2 



sin (ft log x), 



cos (ft log x) 



21) 



(4 + ft 2 ) 1 



sin (ft log x), 



4 + ft 2 

Finally, by integration by parts 
cos (ft log lix) 



cos (ft log a;) — 



ft 



4 + ft 2 



sin (ft log x). 



h = 



1 



B 



-df(u) 
cos {hlogx) + 



[3 cos (ft log ux) + ft sin (ft log ux)] du 



because /(l) = —1 — Combining the results for I-y, I 2 , I3 and Z4, we have 
the lemma. 



Lemma 6.6. 



/(u)[cos (ftlogwa;) — ft sin (ftlogux)] du 

sin (ft log 2; ) 



4 + 3ft 2 . ft 3 

cos (ft log a;) + 



(4 + ft 2 ) 2 



(4 + ft 2 ) 2 



(2+2) 



2 + ft 2 
4 + ft 2 



cos (ft log x) 



4 + ft 2 



sin (ft log a;) 



3 + ft 2 
9 + ft 2 



cos (ft log a;) 



2ft 
9 + ft 2 



sin (ft log a;) 
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Proof: The key is e(u) = i logu — u when < u < 1 (sec ©). So, 

/(«) = J ~ y dv = -ulogu- (~ + - ^u 2 . 

Putting this into the integral and evaluating the integral piece by piece with 
suitable substitution and Lemma \'Z. 71 one gets the lemma. 

Proof of Theorem 11.41 First observe that when T < x < T 2 ~ 29e , the error 
terms in Theorem II .21 is O( lo aj-s t )- Rewrite Theorem ll.2l as 



F h {x, T) = T a + T 2 + T 3 + T 4 + T 5 + O 

Since ^ = l + 0(u 2 ), 

' 3 cos (ft log a;) ft sin (ft log x) 



ftT 



log 



M-2 



r 3 

T 4 



9 + ft 2 9 + ft 2 

cos (ft log x) ft sin (ft log x) 



T 



l + h 2 



1 + h 2 



o(t(-) 2 

V x 



By Lemma 16.51 

T^6(fc) r 1 



T rcos (ft logx) ft sin (ft log x) 
"tt I 1 + ft 2 



1 + ft 2 



4 -ft 2 



2h 



2 (4 + h 2y cos ( ft lo § s ) " ( 4 + 7,2)2 sin ( ft Jog*) 



?ti />00 



2 cos (ft log x) ft sin (ft log x) 
4 + ft 2 
/(«) 



4 + ft 2 



— (l + cos (ft log x) 



3 cos (ftlog-ux) + ft sin (ftlogwx) e?u + O^T(— )" 
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By Lemma f4. 31 ©, Lemma T6. 21 Lemma 31 Lemma lb. 41 and Lemma fo. 61 



T 2 = 



2x cos (ft log x) 



sin^ 4T 

— T^dy cos (ft log x) 

i y t- ji 



f(y) 



dy 



7r(4 + ft 2 ) 

T - f(o M + aw) * + o(n|) ,/2 -) + o(^) 

2a: cos (ft log a;) 
7r(4 + ft 2 ) 



r^dy + O 

i 2T 



log M T 



T 



/(u)[cos (ftlogitx) — ft, sin (ftlogux)] du 
/(«), 



— / ^-M [3 cos (ft log ux) + ft sin (ft log ua:)] + o(t( — 

7T J ^ ?/ V X 



7\l/2- 

.r ' 



2x cos (ft log x) 



tt(4 + ft 2 
T 1 

7T 2 



sin ( hT 

^dy + 0( Kr - 

y 2 Vlog M T 



4 + 3ft 2 , L1 . ft 3 
cos (ft log x) + 



(4 + ft 2 ) 2 
T/l B\r2 + ft 2 
7l2 + - 



4 + ft 2 



cos (ft log x) 



(4 + ft 2 ) 2 
ft 



4 + ft 2 



sin (ft log x) 
sin (ft log x) 



3 + ft 2 



Tl 

rp poo 
7T ./1 // 



9 + ft 2 
/(«) 



cos (ft log x) 



2ft 



■ sin (ft log x) 



9 + ft 2 

t [3 cos (ft log ux ) + ft sin (ft log ux)] du + o(t( — ' 



■ x ' 



Therefore, with miraculous cancellations 

2x cos (ft log x) 



T 2 +T 3 + T 4 + T 5 



sin^ T 2B cos (ft log x) 



7T(4 + ft 2 ) J 1 

T 4ft sin (ft log x) 



-dy 



TT (4 + ft 2 ) 2 

By Lemma fa. II and B = — Cq — log27r, 
"2 cos (ft log x) 



V* IT 

■ x 



A + h 2 



F h (x,T) =- 

IT 



T 

7T 



logx 



. 4 + ft 2 
T 2B cos (ft logx) 



2Tcos(ftlogx) rsin(TVx) ,T, 
-Tjx~- Cl ^ 



7T 4 + ft 2 

2 cos (ft logx) 



7r(4 + ft 2 ) 
( )IT(-) 1/2 -' 







hT 



1 M-2 rp 

log T 



4 + ft 2 
C" +log27r 



logx 



2T cos (ft logx) 



OlT(-) 1/2 - 



7r(4 + ft 2 ) 
O 



1 - Cn - log - 



ftT 



1 M-2 rp 

log T 



T , T 
= — log 

2tt 5 27re 



4 cos (ft logx) 



4 + ft 2 



+°«> i/2 >°y^) 
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7 Sketch for Conjecture 11.21 

Fix a > 0. Let r(u) be an even function which is almost the characteristic 
function of the interval [—a, a] with r(a) <c A (see page 87 of for detail 
construction). We use Conjecture II. II to compute the right hand side of (Q. 

/oc /*oo 
F h (a)f(a)da = 2 1 F h (a)f(a)da 
-oo JO 

=2(l + o(l))logT J T- 2a f(a)da + 2 ^^ h2 J a cos {h\ogTa)f{a)da 
f cos(MogTa)r(a)da + C>Q) + o(l) 



2 4 + ^ 2 

4 f°° 4 f 1 

/ cos (MogTa)r(a)da — — ■ / (1 — |a|) cos (/ilogTa)f(a)da 



4 + /i 2 



+ (1 + o(l)) logT J T~ 2 ^r(a)da + oQ) + o(l) 

4 f 00 4 f 1 

fi(a)da — - —t / (1 — \a\)fi(a)da 



4 + /i 2 7-oo 4 + h 2 J^ 

/°° / 1 \ 

T- 2|Q| f(a)da + 0^-J +o(l) 

= ^ - 4^ + (1 + °(D)'3 + 0(1) + 0(D 

where n(u) = r{u + h ^ L )- As f™^ fi(a)da = n(0), 

l 1 = n(0) = r(- s; -j. 

By / /<? = / /<?, the transform pair and the definition of r(u) 
/(£)= max (1-1*1,0), />) = (!^) 2 , 



/■°° . N /Sin™\2 ; ra+hlogT/p*) /sin7ru . 2 

£2 = / ri(u)( dw = / du + o(l). 

./-oo V 7TM / 7-a+/ l logT/(2 7 r) V ™ J 

Similarly, by the transform pair 

41oe 2 T /■«+/» log T/(2tt) 

2 — du + o(l)= / ldu + o(l). 

-a 4 log T + (2TTU) 2 J-a+hlogT/(2ir) 

Therefore, 

4 //ll0gT\ r<*+h\o g T/(2n) 4 , sin ^ M ,2 /h , 

/ = ^ — ro-rl * )+/ 1-- — -rl ) du + O - +o(l). 



(16) 
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Now, the left hand side of is 

0<7^ 7 '<T 
7 — 7' — /i|<27ra / log T 

Combining (|l(j[) and l|17|). we have Coniecture ll.2l bv making ^4 arbitrarily large. 
The only shaky point in the above argument is the error analysis. All of these 
become rigorous following page 87 — 90 of P . 
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